New physical phenomena are predicted in the medium in which many small perfectly conducting particles are embedded: a change in the refraction coefficient, which may become spatially inhomogeneous, and a matrix differential conductivity operator which appears in the region, where the small conducting bodies are embedded.
Introduction.
The theory of wave scattering by small-body particles was originated by Rayleigh [15] in 1871. He understood that the main term of the scattered field is a dipole radiation. The smallness of a body means that ka << 1, where a is the characteristic size of the body and k is the wave number. The dipole moment, induced on the small body by the incident field, is a linear function of the incident field, since Maxwell's equations are linear. Rayleigh did not give formulas for calculating the induced dipole moments for bodies of arbitrary shapes. This was done nearly a century later in [14] , [13] , and in [9] .
The main results of this paper include: 1. An analytical formula (16) for the electromagnetic field scattered by a small perfectly conducting body D of an arbitrary shape.
2. Derivation of the limiting equation (43) (or (44)) for electromagnetic field in the medium which is obtained in the limit a → 0 when the total number N = N (a) of the small particles tends to infinity at a suitable rate. The minimal distance d = d(a) between neighboring small bodies is assumed to satisfy the relation lim a→0 a d(a) = 0, but the "multiple scattering" by many small bodies is taken into account rigorously, and is essential, because on the wavelength λ one may have many small particles: a << d << λ. 3. Derivation of linear algebraic systems (39) and (48) for solving many body EM wave scattering problem by formula (38) after finding vectors A m from the system (39) or (48).
In section 2, EM wave scattering by a single small body is studied. The result is formulated in Theorem 1. In section 3, the many-body wave scattering problem is solved in the case of many small perfectly conducting bodies.
The limiting effective field in the medium exists, and the governing equation for this field is derived. The result is formulated in Theorem 2.
In section 4, conclusions are formulated and the new physical effects which are predicted by our theory, are described.
The earlier work of the author on wave scattering by many small bodies is presented in [4] - [14] .
2 Wave scattering by a single small perfectly conducting body of an arbitrary shape.
Let D ⊂ R 3 be a small, perfectly conducting body with a smooth boundary S. It is sufficient to assume that S is twice continuously differentiable.
Consider the scattering problem:
Here {E 0 , H 0 } is the incident field, satisfying equations (1) in the whole space, N is the unit vector of the normal to S pointing out of D, ω > 0 is the frequency, μ 0 = const > 0, is the magnetic constant, ε 0 > 0 is the dielectric constant, [N, E] is the cross product of two vectors, [N, E] = N × E, the dot product of two vectors will be denoted as E · H or as (E, H), E sc and H sc are the scattered electric and magnetic fields, satisfying the radiation condition
λ , is the wavenumber, and λ is the wave length. The radiation condition (4) is standard, (see [3] ). This condition guarantees the uniqueness of the solution to the scattering problem (1)-(4). The fields are monochromatic and the time dependence is e −iωt . Let
where n is the unit vector in the direction of propagation of the incident plane wave, E is a constant vector, n · E is the dot product, and condition n · E guarantees that ∇ · E = 0. One has
If E is found, then H is given by the first equation (6) . Therefore, we concentrate on finding E. Taking ∇× of the first equation (1) and using the second equation (1), one gets
Since the body D is small, its position can be characterized by just one point x m . Let x m ∈ D be this point inside D. Let us assume that
These assumptions are justified below (17), see (23). We look for the solution to problem (7) of the form:
Here t is a point on S and dt is the element of the surface area. For any pseudovector J vector E in (9) solves equation (7) and is of the form (2), where the scattered field
This E sc satisfies (4), because the Green's function g(x, t) satisfies the radiation condition. Therefore, vector E in (9) solves problem (7) if J is found so that the boundary condition in (7) is satisfied. If such J is found, then (9) yields the unique solution to problem (7) which has form (2) with E sc satisfying the radiation condition (4). Maxwell's equations are invariant under the inversion transformation, that is, transformation of the form x → −x, t → t, and under this transformation E → −E and H → H. This means that E is transformed as a vector and H is transformed as a pseudovector. If E is a vector, then ∇ × E is a pseudovector, and if H is a pseudovector, then ∇ × H is a vector. Thus, J in formula (9) has to be a pseudovector, because E is a vector. Consequently, J in (9) is not the electric current j in Maxwell's equation 
where N s is the unit normal N to the surface S at the point s ∈ S. It is known (see, for example, [3] ) that
and the integral on the right exists as an improper one. For any J the integral in (9) satisfies the radiation condition (4). The unknown J can be found from the integral equation (10), which can be written as
This is a Fredholm integral equation, and the integral operator in (12) is compact in the space C 1 (S) of tangential vector fields on S, because S is assumed smooth. It is sufficient to assume that S ∈ C 2 , that is, in the local coordinates equation of S is
where f is twice continuously differentiable. The homogeneous version of (12) has only the trivial (zero) solution due to the uniqueness of the solution to Maxwell's boundary value problem (1)- (3), and the fact that k 2 is not an interior eigenvalue in D, because D is sufficiently small. Therefore, equation (12) is solvable by the Fredholm alternative, and its solution is unique.
Let us show compactness of the operator in (12) . One has
st ) as r st → 0. Therefore, the integral operator in equation (12) is compact in C(S) and in C 1 (S). This equation can be solved numerically stably by a projection method.
Let us transform equation (12) . First, let us rewrite it as
Now, use the known formula for the limiting values on S of the normal derivative of the potential of single layer with the density J (see, for example, [10] , p.14):
The derivative ∂ ∂N + s denotes the limiting value on S of the normal derivative of the singlelayer potential S g(x, t)J(t)dt from inside of D, and the result is
Integrating this equation with respect to s over S, and using the formula
where V is the volume of D, one gets, up to the terms of higher order of smallness as a → 0, the following relation:
and the term
is negligible, since it is of the order O(a 2 Q), and, in general, Q = 0. The quantity Q is significant from the physical point of view because, as one can see from (16) , it yields the solution to the scattering problem (1)-(4) for one small perfectly conducting particle of an arbitrary shape. Our basic idea is to find one quantity, namely Q := S J(t)dt, rather than a function J(t), and to express the solution to the scattering problem in terms of Q. It follows from (9) that
where x m ∈ D is a point inside D. If D has the center of symmetry, then we choose x m as this center. Formula (16) follows from (9) if D is small, that is, if ka << 1. Indeed, the error δ of formula (19) is
If |t − x m | ≤ a and d := |x − x m |, then
because
and, similarly, one obtains
Consequently,
Therefore, if the following conditions (cf (8)) hold: 
Equation (24) is known in potential theory as Gauss' formula (see, for example, [16] ). One derives from (24) that
Therefore, in all the formulas involving g(s, t) one can replace g by g 0 with a negligible error, because max s,t∈S |s − t| = O(a) → 0. For example,
Integrating (14) over S and using the above formula yields
The second integral in the above formula converges as an improper integral with a weak singularity O(r
ts ) as r ts → 0. In principle, one can solve numerically equation (12) for J(t) and then calculate Q by the above formula.
To calculate Q numerically, one notices that equation (12) has the form (
, where K is a compact operator, and the operator I +K is boundedly invertible. This implies that (I + K) −1 = I + T , where T is also a compact operator, acting on C 1 (S)−smooth tangential vector fields on S. Indeed, T = −(I + K) −1 K, as one can easily check. Therefore, equation (12) implies
Integrating over S this equation yields
where T (s, t) is the matrix kernel of the operator T , V is the volume of D, and the formula S [N s , E 0 ]dS = ∇×E 0 (x m )V was used. This formula holds up to a term of higher order of smallness as a → 0. The matrix kernel T (s, t) can be calculated numerically, so pseudovector Q can be calculated numerically by formula (27). The kernel T (s, t) can be also calculated by Fredholm's series for the kernel of inverse operator (see, for example, [16] ). One may also integrate over S equation (14) to obtain
and transform the integral in (28) into the form
Here τ (t) is a matrix operator. The integral S ∇ s g(s, t)N s ds does not converge as an improper integral and is understood as a distribution, acting on the tangential to S smooth fields J by the formula
If one writes
where β is a matrix, and defines matrix α by the formula α = (I + β) −1 − I, where I is the identity matrix, then
Equation (30) is a linear relation between the pseudovector Q and the pseudovector ∇×E 0 . Matrix α can be computed numerically if the shape of the particle D is known. This matrix describes the scattering properties of the small perfectly conducting particle D.
From the physical point of view, relation (30) should hold because of the linearity of Maxwell's equations.
This linearity implies that Q has to depend linearly on ∇ × E 0 (x m ), rather than on E 0 (x m ), because Q is a pseudovector and it has to depend linearly on the pseudovector ∇ × E 0 (x m ), and not on the vector E 0 (x m ).
Let us summarize the result of this section. 3 Many-body wave scattering.
Theorem 1 If ka << 1, then the problem (1)-(4) is solved by the formulas
E(x) = E 0 (x) − [∇ x g(x, x m ), (I + α)∇ × E 0 (x m )]V, x m ∈ D, d = |x − x m | >> a(
Assume now that many small perfectly conducting bodies
For simplicity, let us assume that these bodies (particles) are of the same shape and size, but the theory can be easily extended to the case when when there are several groups of particles of different shapes and sizes. Let us assume that the distribution of the small identical particles is given by the formula Thus, this function can be chosen by an experimentalist. We assume that particles do not intersect. Let d denote the minimal distance between two neighboring particles. We assume that inequalities (8) hold.
The many-body scattering problem consists of solving the equation
where S m is the boundary of D m , N is the normal to S m pointing out of D m ,
and the scattered field E sc satisfies the radiation condition (4). We look for E sc of the form
where the tangential to S m vector fields J m , 1 ≤ m ≤ M , can be found from the boundary conditions (34). Let us introduce the effective field, acting on the j − th particle, by the formula
The conditions (8) allow one to consider the effective field E e (x), acting on the j−th particle, as practically constant on the distances of the order a. Therefore, one can use formula (16) and rewrite (37) as
with a negligible error as a → 0.
Denote E e (x m ) := E m and A m := ∇ × E m , 1 ≤ m ≤ M . Then one can derive from (38) a linear algebraic system for finding the unknown vectors A m by taking the operator ∇× of (38):
If vectors A j , 1 ≤ j ≤ M , are found from system (39), then formula (38) gives the value of effective field everywhere in R 3 . Let us prove that there exists a limit E(x) of the effective field as a → 0 and M (a) = O( 1 a 3 ), if assumption (32) holds. We need the following result from [6] . Let D ⊂ R 3 be a bounded domain in which the small bodies D m , 1 ≤ m ≤ M are distributed. Proposition 2.(see [6] ) Assume that f is a Riemann-integrable function in D and the points x m ∈ D m are distributed so that (32) holds. Then there exists the limit
Proposition 2 implies that the limiting, as a → 0, effective field E(x) satisfies the following integral equation
or
Applying the operator ∇ × ∇× to (42) one gets
where the following equations were used
Equation (43) describes new physical effect due to the embedded particles: it shows that the limiting medium is described not by a constant refraction coefficient, but by an x − dependent tensorial differential operator, defined by the last term in (43). Equation (43) does not reduce to eqrefeq6 for vector E even if the particles are distributed uniformly, that is, if N (x) = const. One writes
The term −N (x)∇ × ∇ × E(x) can be taken to the left in equation (43) and then one divides by 1+N (x) both sides of (43). This results in changing of the refraction coefficient
. Equation (43) takes the form
In this equation the functions k 2 (x), N (x) and the matrix α are known, and the vectorfield E(x) is to be found so that it has the form (2), where E sc satisfies the radiation condition. Matrix α is determined by the scattering properties of a single particle, and N (x) is the known density of the distributions of small particles, defined in formula (32).
Equation (44) shows that new physical effects occur as a result of embedding of many small particles into the original medium. The terms [∇N (x), ∇ × E] and ∇ × {α∇ × E(x)N (x) describe these new effects in the limiting medium, which appear because of the embedded small perfectly conducting particles.
The order of the linear algebraic system (39) can be considerably reduced. To do this, let us partition D into a union of P cubes Δ p , centered at the point x p , with side b = b(a) such that lim
The cubes Δ p and Δ q for p = q do not have common interior points. In the cube Δ p , there are many small bodies as a → 0.
The sum in (39) can be rewritten as
where the continuity of ∇ x × E(x) and of N (x) and formula (32) were used, and |Δ p | denotes the volume of cube Δ p . The last sum in (46) is the Riemannian sum for the integral
so that formula (41) follows as a → 0. Applying formula (46) to equation (39) one gets a linear algebraic system
Since P << M, the order of system (48) is much smaller than that of (39). System (48) can be considered as a collocation method for solving integral equation obtained from (41) by applying the operator ∇× to equation (41). Convergence of the collocation method to the solution of some singular integral equations is proved in [6] . Our problem can be considered as a homogenization-type problem. Our approach differs from the approaches to homogenization theory used in the literature (see, for example, [1] , [2] , and references therein) by not assuming periodicity of the coefficients, discreteness of the spectrum of the operators in a periodic cell, and their self-adjointness.
It follows from equation (44) and from the relation H =
, that equation (44) can be written as
In this equation vector-field E is assumed known as the solution to equation (43) 
Conclusions
The main results of this paper are:
1. Formulas (16) and (30) for the electromagnetic field, scattered by a small perfectly conducting body (particle) of an arbitrary shape. These formulas are derived under the assumptions (23).
2. Derivation of the linear algebraic system (39) or (48) for numerical solution of many -body EM wave scattering by small perfectly conducting bodies, of the integral equation (42) 3. The developed theory predicts that embedding of many small perfectly conducting particles in the original homogeneous medium creates a medium which is inhomogeneous and is described by a variable refraction coefficient and a conductivity tensorial differential operator, described by the terms in braces in equation (44). The change in the governing equation is seen in equation (44). The new physical properties in the new medium are described by the two last terms in equation (44).
